Abstract. The homology groups introduced by A. Brumer can be used to establish a criterion ensuring that a profinite Fp [[G]]-module of a pro-p group G has projective dimension d < ∞ (cf. Thm. A). This criterion yields a new characterization of free pro-p groups (cf. Cor. B). Applied to a semi-direct factor G τ → Zp σ → G isomorphic to Zp which defines a non-trivial end in the sense of A.A. Korenev one concludes that the closure of the normal closure of the image of σ is a free pro-p subgroup (cf. Thm. C). From this result we will deduce a structure theorem (cf. Thm. D) for finitely generated pro-p groups with infinitely many ends.
Introduction
In an abelian category A with enough projective objects the projective dimension prdim(A) of an object A ∈ ob(A) is the minimal length of a projective resolution of A (cf. (2.3)). Moreover, it is well known that (ii) tr G,U : G ab,el → U ab,el is injective for all U ∈ B; (iii) the canonical map j El : G ab,el → D 1 (F p ) is injective.
Here tr G,U : G ab,el → U ab,el denotes the transfer from G to U , and
is the abelian group introduced by J. Tate in his letter to J-P. Serre Let G be a pro-p group, and let τ : G → Z p be a surjective (continuous) homomorphism of pro-p groups. Since Z p is a free pro-p group, there exists a continuous section σ : Z p → G, i.e., τ • σ = id Zp . For short we call a surjective homomorphism τ : G → Z p with a section σ : Z p → G a semi-direct factor isomorphic to Z p . A semi-direct factor G τ → Z p σ → G isomorphic to Z p will be called an F p -direction, if j El (σ(1)) = 0. For a pro-p group with an F p -direction one has the following (cf. Thm. 5.1).
Theorem C. Let G be a pro-p group, and let G splits. If the special extension (1.4) of pro-p groups splits, then one has an isomorphism G ≃ F Ḡ for some free pro-p group F , where denotes the free product in the category of pro-p groups (cf. Thm. 5.2). Although the authors do not know of any non-split special extension of pro-p groups, the authors cannot prove their non-existence either.
In [7] , A.A. Korenev initiated a theory of ends for pro-p groups. For a finitely generated pro-p group G the number of ends is given by (1.6) E(G) = 1 + dim(D 1 (F p )) for |G| = ∞, 0 for |G| < ∞.
In [24] , we will modify this definition slightly. In order to distinguish between the number of ends defined in [24] and the number E(G), we will call E(G) from now on the number of F p -ends of G. A.A. Korenev showed that the only possible values of E(G) are 0, 1, 2 or ∞, Moreover, E(G) = 0 holds if, and only if, G is finite, and E(G) = 2 holds if, and only if, G is infinite and virtually cyclic. However, as he mentioned, an analogue of Stallings' decomposition theorem (cf. [13] ) is missing in this context. The existence of non-split special extensions of pro-p groups might be an obstacle for proving such a theorem in this context. Nevertheless, from Theorem C one conludes the following result (cf. Thm. 5.7).
Theorem D. Let G be a finitely generated pro-p group with E(G) = ∞. Then there exists an open normal subgroup U which is a special extension of rank 1, i.e., U has a closed normal subgroup N , N = U , such that
is a special extension, and N ab,el is isomorphic to
In [24] we will introduce the number of Z p -ends. It will be shown that in this context there holds an analogue of Stalling's decomposition theorem (cf. [24, Thm. B] ). The proof of this decomposition theorem will make use of Theorem C in an essential way.
The proof of Theorem A and Theorem C is based on several facts concerning cohomological Mackey functors for profinite groups and, in particular, pro-p groups. Since these techniques have never been applied before in this context, a considerable part of this paper is dealing with the machinery of cohomological Mackey functors. The section cohomology groups introduced in section 4 will allow us to establish certain injectivity criteria for natural transformations of cohomological Mackey functors for pro-p groups (cf. §4.6). These injectivity criteria will be an essential tool in the proof of Theorem C.
Profinite modules
For a prime number p we denote by F p the finite field with p elements, by Z p the ring of p-adic integers, and by Q p the field of p-adic numbers.
2.1.
Abelian pro-p groups. By Fp prf and Zp prf we denote the abelian categories of profinite F p -vector spaces and abelian pro-p groups, respectively. These categories are full subcategories of the category of topological Z p -modues. The Pontryagin duality functor ∨ = Hom 
where the inverse limits are running over all open normal subgroups of G, will denote the completed F p -algebra and completed Z p -algebra of G, respectively. By 
The minimal number n ∈ N 0 ∪ {∞} such that P n+j = 0 for all j ≥ 1 is called the length of (P • , ∂ • , ε M ) and will be denoted by
This number coincides with the length of a minimal projective resolution of M . For further details concerning profinite
]-modules the reader may consult [4] , [10] , [11] and [14] . 
2.4. Continuous cochain cohomology groups. Let G be a profinite group. 
prf has exact inverse limits, one has a short exact sequence
Since commutes with (co-)homology, and as one has a natural isomorphism
the long exact sequence associated to (2.8) can be written as (2.10)
this yields the claim. H 0 (G, M i ) = 0, and
is an isomorphism.
(b) Suppose that G is a finitely generated profinite group. Then |H 
Let G be a profinite group, and let τ :G → G be an extension of G by some abelian pro-p group K = ker(τ ), i.e., one has a short exact sequence of profinite groups (2.13) s : Proposition 2.8. Let G be a finitely generated profinite group, and let τ :G → G be an extension of G by some abelian pro-p group K = ker(τ ), which is a countably based profinite left
is an isomorphism. Let s denote the short exact sequence associated to τ (cf. 
Cohomological Mackey functors for profinite groups
The notion of Mackey functors for a finite group was introduced by A. Dress in [5] . The theory of Mackey functors has been developed and applied to the representation theory a finite group by several authors (cf. [2] , [16] , [17] , [18] , [19] , [20] ). Cohomological Mackey functors satisfy the additional identity (cMF 7 ), which is responsable for the existence of an intrinsic cohomology theory, the section cohomology which will be introduced in section 4. The definition of a cohomological Mackey functor for a profinite G is in analogy to the definition for a finite group. However, new phenomena arise, e.g., there are two restriction functors tres and ires, which might be different, and, even more, the restriction functor tres does not have to be exact in general (cf. §3.6). For the convenience of the reader we discuss in this section the principal features of cohomological Mackey functors for profinite groups.
3.1. Mackey systems. Let G be a profinite group. A non-empty set M of open subgroups of G will be called a G-Mackey system, if (MS 1 ) for all g ∈ G and U ∈ M one has g U = gU g −1 ∈ M, and (MS 2 ) for all U, V ∈ M one has U ∩ V ∈ M.
For a profinite group G there are two principal G-Mackey systems: The G-Mackey system of all open subgroups
and the G-Mackey system of all open, normal subgroups
If G is finite, one has also the G-Mackey system
By definition, any non-trivial subset of G ♮ is a G-Mackey system. Such a Mackey system will be called normal.
Hence in this case M forms a basis of neighbourhoods of 1 ∈ G. If M is a G-Mackey system and U, V ∈ M such that V is normal in U , then we call (U, V ) a normal section in M.
Cohomological Mackey functors.
Let G be a profinite group, and let M ⊆ G ♯ be a G-Mackey system. A cohomological M-Mackey functor X is a family of abelian groups (X U ) U∈M together with group homomorphisms
which satisfy the following identities:
From now on we will follow the convention used in [20] and omit the domain in the notation of the morphisms c g,U , g ∈ G. Note that (cMF 1 ) and (cMF 3 ) imply that for U, V ∈ M, V normal in U , X V carries naturally the structure of a left Z[U/V ]-module. In this case (cMF 6 ) reduces to the simple identity
A homomorphisms of cohomological M-Mackey functors φ : X → Y is a family of group homomorphisms φ U : X U → Y U , U ∈ M, which commute with all the mappings i .,. , t .,. and c g,. , g ∈ G. For any abelian subcategory C ⊆ Z mod we denote by cMF G (M, C) the abelian category of all cohomological M-Mackey functors with coefficients in the category C.
Example 3.1. Let G be a profinite group, let M be a G-Mackey system, and let A be an abelian group. (a) By T = T(G, A) we denote the cohomological M-Mackey functor satisfying
are equal to the identity, and t Let M be a G-Mackey system, and let Ω be a finite, discrete left G-set. We call Ω a left (G, M)-set, if stab G (ω) ∈ M for all ω ∈ Ω, and Z[Ω] a finitely generated, left Z[G, M]-permutation module. Let f .g.perm(G, M) denote the additive category of finitely generated Z[G, M]-permutation modules. For U ∈ M and g ∈ G one has an isomorphism
where x ∈ G and R ⊆ U is any system of coset representatives of U/V . One has a natural equivalence
where Add(., .) denotes the category of (covariant) additive functors, which is achieved by assigning to the additive functorX
The additive category f .g.perm(G, M) is naturally equivalent to its opposite category f .g.perm(G, M)
op , i.e.,
is a natural equivalence. Hence one has also a natural equivalence
by assigning the additive functorX ∈ ob(Add(f .g.perm(G, M), Z mod)) the cohomological M-Mackey functor X satisfying (3.13)
where Add − (perm(G, M) op , Z mod) denotes the category of additive functors commuting with inverse limits, i.e., forX ∈ ob(Add − (perm(G, M) op , Z mod)) and M as above, one hasX(M ) = lim ← −i∈IX (M i ). In a similar fashion one obtains a natural equivalence
where Add + (perm(G, M), Z mod) denotes the category of additive functors commuting with direct limits.
Remark 3.2. Let G be a profinite group, let M be a G-Mackey system, and let X ∈ ob(cMF G (M, Zp prf )). Then X ∨ given by (cf. §2.1)
defines a cohomological M-Mackey functor with values in the abelian category Zp tor, i.e., X ∨ ∈ ob(cMF G (M, Zp tor)). It is straightforward to verify that Pointryagin duality induces natural equivalences
3.4. Basic restriction functors. There are several restriction functors for cohomological Mackey functors for profinite groups. Some of these functors arise simply by restricting the Mackey system; others are more complicated (cf. §3.6).
Let G be a profinite group, let L and M be G-Mackey systems, L ⊆ M, and let X ∈ ob(cMF G (M, Z mod)). Restricting the functor X to open subgroups which are contained in L yields a restriction functor
Then M N is a G/N -Mackey system. Restricting a functor X to subgroups U ∈ M containing N yields a restriction functor
which can also be considered as a deflation functor. All these restriction functors are additive and exact, and we will use the abbreviation res for any composition of these functors. In particular, for U, V ∈ M, V normal in U , one has a restriction functor (3.22) res
(cf. (3.3) ).
3.5. The induction functor. Let G be a profinite group, and let H ⊆ G be a closed subgroup of G. For every finitely generated, discrete left
Example 3.3. Let H be a closed subgroup of the profinite group G.
functor described in Example 3.1(b), and Z = ind
As before one has for
3.6. The restriction functors tres and ires. Let H be a closed subgroup of the profinite group G. The coinduction functor
, is the right adjoint to the restriction functor res
The adjunction is achieved by the counit and unit
) denote the associated contravariant additive functor, andX ∈ ob(Add(f .g.perm(G, G ♯ ), Z mod)) the associated covariant additive functor. One has the restriction functors
e.g.,
Note that if H is open in G one has natural isomorphisms (3.35) tres . (3.20) ). This is the reason why in [17] 
. Then one has natural isomorphisms
i.e., tres is the right-adjoint of ind, and ires is the left-adjoint of ind.
). The adjunction (3.31) yields homomorphisms of abelian groups
which are natural in H 0 and U , respectively. Thus they yield morphisms of cohomological Mackey functors
which are natural in X and Y, respectively, i.e.,
are natural transformations of functors. By the first line of (3.32), the composite of the maps of cohomological G ♯ -Mackey functors
is the identity on ind
; while the second line of (3.32) yields that the composite of (3.42) tres
is the identity on tres
Henceε is the unit, andη is the counit of the adjuction (3.36). The adjunction (3.37) can be proved by a similar argument.
3.7.
From modules to cohomological Mackey functors and vice versa. Let G be a profinite group, and let G dis denote the abelian category of discrete left
is the canonical injection. Let R ⊆ U be a system of coset representatives of U/V . Then t
given by the transfer, and for g ∈ G, c
V,U : Q V → Q U is just the canonical map, and c h0(Q) g,U : Q U → Qg U is the map induced by multiplication with g ∈ G, while
Example 3.5. Let G be a profinite group, and let H be a closed subgroup of G.
.1(b)). (c) From Example 3.3 one concludes that one has canonical isomorphisms (3.46) ind
prf is the profinite induction functor (cf. §2.2).
For X ∈ ob(cMF G (G ♯ , Z mod)), the abelian group ires(X) = ires G ♯ {1} ♯ (X) carries naturally the structure of a discrete, left G-module. Moreover, for M ∈ ob( G dis) one has a canonical isomorphism
For Y ∈ ob(cMF G (G ♯ , Zp prf )), the abelian pro-p group tres(Y) = tres tres(h 0 (Q)) ≃ Q.
is the right-adjoint of the exact functor ires:
Homology as cohomological Mackey functor. Let
is independent of the choice of the projective resolution (P • , ∂ • , ε Q ), and one has
The homology functor commutes with inverse limits. Thus from (3.34) one concludes the following.
Fact 3.6. Let G be a profinite group, let H be a closed subgroup of G, and let Q be a profinite Z p [[G]]-module. Then for all k ≥ 0 one has a canonical isomorphism (3.51) tres
Note that Fact 3.6 implies that tres 
Section cohomology of cohomological Mackey functors
In this section we discuss an intrinsic cohomology theory one can define for a single cohomological Mackey functor of a profinite group G. Elementary properties of this theory can be used to study the injectivity of a homomorphism φ : X → Y of cohomological Mackey functors (cf. §4.6), and they also provide an effective criterion to calculate the projective dimension of a profinite, left F p [[G]]-module M in case that G is a pro-p group (cf. Thm. 4.21). Several issues of these cohomology groups were discussed in [19] and [22] . 4.1. Cohomological Mackey functors for finite groups. Let G be a finite group, let G • = {G, {1}}, and let
is the augmentation ideal of the Z-group algebra of G. The following properties were established in [22, §2.4] . Proposition 4.1. Let G be a finite group, and let X ∈ ob(cMF G (G • , Z mod)).
(a) The canonical maps yield an exact sequence
denote the Tate cohomology groups.
• -Mackey functors. Then one has exact sequences
4.2.
Cohomological Mackey functors for profinite groups. Let G be a profinite group, let M be a G-Mackey system, and let U, V ∈ M, V normal in U . The restriction functor (cf. (3.22) )
is exact. For k = 0, 1 we put (cf. §3.1)
In particular, ires(X) is a discrete left G-module, and
is an exact functor. If G ∈ M, we denote by
]-module, and
is an exact functor. For X ∈ ob(cMF G (M, Z mod)) the higher derived functors
Cohomological Mackey functors of type H
0 . Let G be a profinite group, let M be a G-Mackey system, and let X be a cohomological M-Mackey functor.
The following fact is straightforward. 
Proof. By hypothesis, the additive functor Tor
. This yields the claim. If M contains G and i X G,U : X G → X U is injective for all U ∈ M, then we say that X is terminally i-injective, i.e., X is terminally i-injective if, and only if, the canonical map (4.12)
is injective. The cohomological M-Mackey functor X is said to be of type H 0 (or to satisfy Galois descent), if X is i-injective, and for every normal section (U, V ) in M, one has k 1 (U/V, res
Moreover, one has the following.
Fact 4.5. Let G be a profinite group, let M be a G-Mackey system, and let X be a cohomological M-Mackey functor of type H 0 . Then one has a canonical isomorphism
From Fact 4.2 one concludes the following. Suppose that M contains G. If the cohomological M-Mackey functor X is iinjective and satisfies k 1 (G/U, X) = 0 for all U ∈ M ♮ = M ∩ G ♮ , then we say that X is terminally of type H 0 . The following property will turn out to be useful for our purpose.
Fact 4.7. Let G be a pro-p group, let M be a G-Mackey system containing G, and let X ∈ ob(cMF G (M, Fp prf )) be terminally of type H 0 . Then for every U ∈ M ♮ one has im(i
Proof. As G is a pro-p group, G/U is a finite p-group. Since X is terminally of type H 0 , one has im(i
4.4.
Hilbert '90 cohomological Mackey functors. Let G be a profinite group, and let M be a G-Mackey system. The cohomological M-Mackey functor X is said to be Hilbert '90, if X is of type H 0 and for every normal section (U, V ) in M one has H 1 (U/V, X V ) = 0. Let G be a finite group, and let Ω be a finite set with a left G-action. Then Ω = 1≤j≤r Ω i , where denotes disjoint union and Ω j are the G-orbits on Ω. Let ω j ∈ Ω j , and let G j = stab G (ω j ) denote the stabilizer of ω j in G j . For the left
Hence the snake lemma implies thatĩ X /p U,V is an isomorphism. This yields the claim. 4.5. Cohomological Mackey functors of type H 0 . Let G be a profinite group, let M be a G-Mackey system, and let X be a cohomological M-Mackey functor. We will say that X is t-surjective, if t X V,U : X V → X U is surjective for all U, V ∈ M, V ⊆ U . If Y is the homomorphic image of a t-surjective, cohomological M-Mackey functor X, then Y is also t-surjective. The following fact is straightforward. 4.11. Let G be a profinite group, let M be a G-Mackey system, and X ∈ ob(cMF G (M, Zp prf )). Then X is t-surjective if, and only if X /p = X/pX is tsurjective.
Applying Pontryagin duality (cf. Rem. 3.2) to Fact 4.4 yields the following.
Fact 4.12. Let G be a profinite group, let M be a G-Mackey system, and let X ∈ ob(cMF G (M, Fp prf )) (resp. X ∈ ob(cMF G (M, Zp prf ))). Then tres(X) = 0 implies X = 0.
The cohomological M-Mackey functor X is said to be of type H 0 (or to satisfy Galois codescent), if X is t-surjective, and for every normal section (U, V ) in M, one has c 1 (U/V, X) = 0, e.g., for cf. (3.44) ) is of type H 0 . Furthermore, one has the following. Fact 4.13. Let G be a profinite group, let M be a G-Mackey system, and let X ∈ ob(cMF G (M, Zp prf )) be a cohomological M-Mackey functor of type H 0 . Then one has a canonical isomorphism Fact 4.16. Let G be a profinite group, and let Q be a projective, profinite left
Proof. By definition and Fact 4.10, it suffices to show that h 0 (Q) is of type H 0 . Let (U, V ) be a normal section in G ♯ . As restriction maps projectives to projectives, res Remark 4.17. Let G be a profinite group, let H be a closed subgroup of G, and let N be a closed normal subgroup of G containing H. PutḠ = G/N . Let T = T(H, F p ) be the cohomological H ♯ -Mackey functor described in Example 3.1(a), and put
(cf. Ex. 3.5(c)). In particular, X is of type H 0 . Let Y = res
In a similar fashion one shows that (4.23) res Lemma 4.18. Let G be a pro-p group, and let M be a G-Mackey system containing G. Suppose that for φ : X → Y ∈ mor(cMF G (M, Fp prf )) one has that
Then φ is injective.
Proof. By hypothesis
In particular, one has ker(φ V ) ∩ soc G/V (X V ) = 0 which implies that ker(φ V ) = 0 (cf. Fact 2.9). Thus φ V is injective.
Let U ∈ M. There exists V ∈ M ♮ such that V ⊆ U , and one has a commutative diagram
Thus as i X U,V and φ V are injective, φ U is injective. This yields the claim.
Another version of Lemma 4.18 is the following.
Corollary 4.19. Let G be a pro-p group, and let M be a G-Mackey system containing G. Let φ : X → Y ∈ mor(cMF G (M, Fp prf )) be a homomorphism of cohomological M-Mackey functors satisfying:
Proof. As Y is terminally i-injective, the canonical map
The claim is therefore a direct consequence of Lemma 4.18.
From Fact 2.2 one concludes the following criterion for split-injectivity.
Lemma 4.20. Let G be a pro-p group, and let M be a G-Mackey system con-
) be a homomorphism of cohomological M-Mackey functors with values in the category of finitely generated Z p -modules with the following properties: (i) X U and Y U are torsion free Z p -modules for every U ∈ M;
(ii) gr 0 (X) is terminally of type
where ι k is given by inclusion. By Fact 4.16, h 0 (P k ) is of type H 0 and H 0 . Hence ker(h 0 (∂ k )) is i-injective for all k ≥ 0 (cf. §4.3).
As is an isomorphism, one has (4.28)
Suppose that U ∈ M and consider the commutative diagram
By hypothesis, i 
is the 0-map (cf. Rem. 4.14). The minimality of (P • , ∂ • , ε M ) then implies that P d+k = 0 for all k ≥ 1.
4.8.
Free pro-p groups. For a pro-p group G we denote by El = El(G) the cohomological G ♯ -Mackey functor h 1 (F p ), i.e., El U = U ab,el for all U ∈ G ♯ . As a consequence of Theorem 4.21 one has the following characterization of free pro-p groups.
Corollary 4.22. Let G be a pro-p group, and let B be a basis of neighbourhoods of 1 ∈ G consisting of open subgroups of G. Then the following are equivalent: 1.2) ).
Ends and directions
In this section we will denote by 1 Zp ∈ Z p a fixed generator of the additive group of the p-adic integers.
5.1. Pro-p groups with an F p -direction. For a pro-p group with an F p -direction one has the following.
denote the closure of the normal closure of Σ. Then one has the following:
(a) N is a free pro-p group. (b) LetḠ = G/N . Then one has a canonical isomorphism
, and let φ : T → El(Σ) = tres 
Letφ : ind As ind 
where α and β are the canonical maps. Let γ denote the diagonal map. Since N U ⊆ V • , α(n.Φ(N )) = 0. As N is generated as normal subgroup by Σ, one has im(α) = Z N U . As i 
is the left-adjoint of the functor
As 
. Hence, by Proposition 5.3, for an infinite finitely generated pro-p group G one has E(G) = 1 + dim (D 1 (F p ) ). Let G be a finitely generated pro-p group. Then G is called ab is an infinite, finitely generated Z p -module. Since V ab is infinite for any open subgroup V of U , the open subgroup U can be chosen to be normal in G. As D 1 (F p ) = lim − →U⊆•G U ab,el , we may also assume that the map j El,U : U ab,el → D 1 (F p ) is nontrivial. There exists a non-trivial torsion free Z p -submodule C of U ab satisfying U ab = tor(U ab ) ⊕ C. Let η : U ab → U ab,el denote the canonical map. We may consider two cases separately. Case 1: j El,U (η(C)) = 0. In this case there exists c ∈ C such that j El,U (η(c)) = 0. As c ∈ pC ⊆ Φ(U ab ), Z p c is a direct summand of C isomorphic to Z p , and thus also a direct summand of U ab . Letc ∈ U be such that c =c cl([U, U ]), and let V be a Z p -submodule of U ab such that U ab = Z p c ⊕ V . Define the homomorphism τ : U ab → Z p byτ (c) = z, V = ker(τ ), and let τ : U → Z p be the induced map; define σ : Z p → U by σ(z) =c. It is straightforward to verify that U τ → Z p σ → U is an F p -direction. Case 2: j El,U (η(C)) = 0. By hypothesis, there exists an element x ∈ tor(U ab ) satisfying j El,U (η(x)) = 0, and c ∈ C, c ∈ pC. Let C • ⊆ C be such that C = Z p c ⊕ C • . Then y = x + c is an element generating a submodule isomorphic to Z p , and C ′ = Z p y ⊕ C • is a complement of tor(U ab ) in U ab . By construction, j El,U (η(C ′ )) = 0 and one can proceed as in Case 1. [7] ).
Finally we obtain the following structural result for finitely generated pro-p groups with infinitely many ends (cf. Thm. 5.1, Thm. 5.5). 
